SCATTERING FOR ID CUBIC NLS AND 
SINGULAR VORTEX DYNAMICS 



VALERIA BANICA AND LUIS VEGA 

Abstract. In this paper we study the stability of the self-similar solutions of the binor- 
mal flow, which is a model for the dynamics of vortex filaments in fluids and super-fluids. 
These particular solutions Xa{t, x) form a family of evolving regular curves of R 3 that 
develop a singularity in finite time, indexed by a parameter a > 0. We consider curves 
that are small regular perturbations of Xa.(to, x ) for a fixed time to- In particular, their 
curvature is not vanishing at infinity, so we are not in the context of known results of 
local existence for the binormal flow. Nevertheless, we construct in this article solutions 
of the binormal flow with these initial data. Moreover, these solutions become also sin- 
gular in finite time. Our approach uses the Hasimoto transform what leads us to study 
the long-time behavior of a ID cubic NLS equation with time-depending coefficients and 
small regular perturbations of the constant solution as initial data. We prove asymptotic 
completeness for this equation in appropriate function spaces. 
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1. Introduction 

In this work we complete the stability properties obtained in our previous paper [3] of 
the selfsimilar solutions of the binormal flow of curves 

(1) Xt = Xx A Xxx- 

Here \ = x{k-> x ) G x denotes the arclength parameter and t the time variable. Using 
the Frenet frame, the above equation can be written as 

Xt = cb, 

where c is the curvature of the curve and b its binormal. This geometric flow was proposed 
by Da Rios in 1906 [7] as an approximation of the evolution of a vortex filament in a 3-D 
incompressible inviscid fluid. Simple explicit and relevant examples of solutions of ([T]) are 
the straight lines, that remain stationary, the circles, that move in the orthogonal direction 
of the plane where they are contained and with velocity the inverse of the radius, and the 
helices that, besides exhibiting the same rigid motion of the circles, rotate with a constant 
velocity around their axis as a corkskrew. We refer the reader to pQ, [4] and [19] for an 
analysis and discussion about the limitations of this model and to [18] for a survey about 
Da Rios' work. 

The selfsimilar solutions with respect to scaling of ([1]) are easily found by first fixing the 
ansatz 

(2) X (t,x) = VtG 

and then solving the corresponding ordinary differential equation. In geometric terms the 
solutions are determined by a curve with the properties 

c(x) = a, t(x) = |, 

for a parameter a > 0. Calling G a the corresponding curve and T a its unit tangent, it 
is rather easy to see that T a {x) has a limit A^ as x goes to ±oo, so that G a approaches 
asymptoticaly to two lines. In the neighborhood of x = the curve is similar to a circle 
of radius 1/a and for large s the curve has a helical shape of increasing pitch. Notice 
that equation ([1]) is reversible in time. So if at time t = 1 the filament is given by 
X a (l,x) = G a (x) the evolution Xa(t,x) for < t < 1 is given by ([2]). From this expression 
we see that the two lines at infinity remain fixed. However, the helices transport the 
"energy" from infinity towards the origin so that the overall effect is an increasing of the 
curvature, that becomes aj\ft. The final configuration at time t = is given by the two 
lines determined by A^ . That these two lines are different is not so straightforward. It 
was proved in [13] that 

_<£ 
sin — = e 2 , 
2 

where 6 is the angle between the vectors and —A~. As a consequence starting with 
G a , a real analytic curve at t = 1, a corner is created at time t = 0. This particular 
solution is studied numerically in [9J. One of the conclusions of that paper is that the 
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process of concentration around the origin is very stable. Moreover the similarity between 
the numerical solutions and those that appear experimentally in a colored fluid traversing 
a delta wing is quite remarkable, see figure 1.1 in [9]. 



The stability results proved in [3] are based on a tranformation due to Hasimoto 
He defines the so-called "filament function" ip of a regular solution of (pQ) that has strictly 
positive curvature at all points. The precise expression is given by 

Then it is proved in [14J that solves the nonlinear Schrodinger equation 

1 
2 



(3) iij t + ij xx + l(\i;\ 2 -A(t))i; = 0, 



with 



2 



A(t) = [±2 ^ +<?)(t,Q) 



Notice that in ([3]), the non- linear term appears with the focusing sign. The opposite case, 
the defocusing one, can be obtained in a similar way by assuming that the tangent vector 
Xs has a constant hyperbolic length instead of the constant euclidean length as in ([I]) . This 
equation has to be changed accordingly, see [3] and [8] for the details. 

The particular selfsimilar solution \a{t-,x) of (P) has as curvature and torsion 

c a(t,x) = T a{t,x) = — , 

so its filament function is 

e 4t 

4> a {t,x) = a 



This function is a solution of ([3]) if 

Ait) 



t ' 

-2 



Notice that neither ijj a (t) nor any of its derivatives are in L , and that ip a {ty = ae*4 5 a . =0 . 
This is a too singular initial data for the available theory ([20], [ID], [6], [2]). Therefore one 
might think that this particular solution is not related to any natural energy. However, 
this is not the case, as can be proved by considering the pseudo-conformal transformation. 
Given ip solution o£3 

(4) iip t + il>xx± (iVf- tW = °> 



^For sake of simplicity we omit the 1/2 factor in Q, that can be resorbed by a scaling argument. 
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we define a new unknown v as 

(5) ^){t,x) = Tv(t,x) = — -=v 

Vt 

Then v solves 

(6) iv t + v xx ± - (\v\ 2 - a 2 ) v = 0, 

and v a = a is a particular solution corresponding to ip a . A natural quantity associated to 
([6]) is the normalized energy 

E(v)(t) = \ J \v x {t)\ 2 dx^j t j \\v(t)\ 2 - a 2 ) 2 dx. 

An immediate calculation gives that 

d t E(v)(t) T -^ j\\v\ 2 -a 2 ) 2 dx = 0, 

and in particular E(v a ) = 0. 

The first stability result we give in [3] is the proof of the existence for small a of a 
modified wave operator for solutions of that at time t = 1 are close to the constant 
v a = a. Namely, we prove that if we fix an asymptotic state ii+ small in L 1 n L 2 there is a 
a unique solution of ([4]) for t > 1 that behaves as time approaches infinity as 

Vl (t,x) = a + e ±m2lost e itd *u + {x). 

Here e ltd * denotes the free propagator. Therefore the free dynamics has to be modified 
by the long-range factor e ±ia logi , due to the non-integrability of the coefficient 1/t that 
appears in ([6j). This is similar to the framework of long range wave operators for cubic 1-d 
NLS (|17j.[5].|15j). Here the situation is different since the L°°-norm of the functions we 
are working with is not decaying as t goes to infinity, being just bounded. A link could also 
be made with the asymptotic results for the Gross-Pitaevskii equation around the constant 
solution |12j). but still our situation is not the same, and we treat the linearized 

equation in a different way. 

The condition u + G L 1 will be relaxed in this article to the weaker one that u+{£,) times 
positive powers of |£| is bounded in a neighborhood of the origin. As we shall see, this latter 
assumption is the one that naturally appears for proving the asymptotic completeness of 
([6]). Moreover, we shall prove in Theorem A.l of Appendix A the existence of the modified 
wave operator by assuming this weaker property. 

Once the solution v is constructed we recover ip from ([5]). The result proved in [3] is 
that given u+ as before, there exists a unique solution ip(t,x) of dU) such that tj) behaves 
as ipi as t goes to zero, with 
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The precise statement about the behavior of ip — can be found in Corollary 1.2 of 
[3]. However, it is important to point out two facts. Firstly, the rate of convergence is 

IIV 1 — V'iIIl 2 < Ct*. And secondly, that although the singular term a ^rf bas a limit, the 
correction does not. As a consequence neither ipi nor i/j have a trace at t = 0, no matter 
how good u+ is. Notice also that the condition about the boundedness of u + is understood 
here as that the perturbation of the singular solution ij) a has to be bounded close to the 
point where the singularity is created. 

The next result in [3] is the construction of solutions of ([I]) that are close to Xa- This 
is done by integrating the Frenet system using the filament function given by tp. The role 
played by the euclidean geometry is crucial at this step, because by construction the bi- 
normal vector has unit euclidean length. Therefore to conclude the existence of a trace for 
x(t) at t = it is enough that the curvature, given by \tp(t,x)\, is integrable at time zero. 
Although this is obtained by quite general u+, even though there is not a trace for ip at 
t = as we already said, the question of the existence of a corner is much more delicate. 
In order to get it, it is necessary to improve the rate of convergence of tp — tpi . This is done 
by assuming that |£|~ 2 u+(£) is locally in L 2 , see Theorem 1.5 in [3]. 

Our main result in this paper is to prove the asymptotic completeness for solutions of 
([6]) that at time t = 1 are close to the constant o. In order to give the precise statement 
we have to make several transformations of ©. First of all we write 

(7) v = w + a, 
so that w has to be a solution of 

(8) iw t + w xx = =F^ (|a + w\ 2 - a 2 ) (a + w). 

2 

The right hand side of the above equation has two linear terms. One is ^jw that is 
resonant, and it is the one that creates the logarithmic correction of the phase . The other 
one is similar, but involves id and therefore it is not resonant. Then, we define u as 

(9) u(t,x) =w{t,x)e^ ia2lost . 
As a consequence u has to solve 

lUt = ( lWt ± = f- Wxx T H2 " + Q( f + 2H2) T e^^\ 



so 



a 2 ^ t F(u) 



(10) iu t + u xx ± + 
with F(u) given by 

(11) F(u) = F(we^ 2 "*«) = ± H 2 W + a(w 2 + 2\w\ 2 ) eTm2 , 
As we see F involves just quadratic and cubic terms of u. 
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Also, we need to introduce some auxiliary function spaces. For fixed 7 and to we define 
the space X^ o of functions f(x) such that the norm 

(12) ii/iix7 = 4-ii/Hl* + -%\\\e 7 fiOh^<i) 

is bounded, and Y^ 1 the space of functions g(t, x) such that the norm 

(13) \\9\\yZ=W + ^fj fy\\£\*§(t,t)U-(?<i) 

is finite. 

We have the following result. 

Theorem 1.1. Let < 7 < 7, < a and let u(l) be a function in small with respect 
to a. Then there exists a unique global solution u E Z 7 = n L ((1, 00), L°°) of equation 
(fl~0|) with u(l) initial data at time t = 1, and 

\\u\\^<C(a)\\u(l)\\ xJ . 
Moreover, this solution scatters in L 2 : there exists /+ £ I? for which 

Ht) - e^-^ f+ \\ L2 < \Hi)\\x 7 0, 

for any < 5 < 1/4 — 7. Finally, the asymptotic state /+ satisfies for all £ 2 < 1 i/ie 
estimate 

|C| 2(7+5) I/;(C)I <C(a, <5)|K1)|| X7 . 
To obtain the theorem, we first study the linearized equation 

fl2 — 

(14) »«t + u xx ± . a2 u = 0, 

with initial data u(to,x) at time to > 1- We prove that u(t) behaves for large times like a 
free Schrodinger evolution. The only difference is that the Fourier zero-mode of u(t) can 
become singular. Then, by perturbative methods, we deduce the asymptotic completeness 
for the nonlinear equation (jlOf) . The main part of our proof uses Fourier analysis and 
exploits particularly the non-resonant structure of u in (114)) . This is done by oscillatory 
integral techniques and simple integration by parts arguments (see in particular Lemma 
EH below). 

As we see, even if at time t = 1 we are assuming that u(l) remains bounded in a 
neighborhood of the origin, we cannot prove a similar property for the asymptotic state 
/+. This is not just a technical question. In Appendix B2 we shall prove that if xu(l) is 
in L 2 , so that 

/•oo 

4>(t) = / u(t, x) dx 
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is well defined for all t > 1, then under some conditions on u(l), 

|0(i)| > Clogt. 

This property is rather easy to obtain, at least at a formal level, for the linearized equation 



^ — (w + w). 



(15) iw t + w xx 

In fact, call y(t) = 3? w(t, x) dx and z(t) = 9 u;(t, x) dx, then 



iy'(t)-/(t) = T 2yy(t). 
Hence y(t) = y(l) and z(i) = z(l) ±2a 2 y(l)\ogt. 

Our next step is to understand the above result in terms of the filament function ip{t, x) 
From ©, ((ZD, and @ we have for < i < 1 



(16) 

Therefore 



il>(t,x) =a^ + e ±ia2logt Tu(t,x). 

Vt 



ip(l,x) = ae tx +^\{x), 

with tpi(x) = e lx2 u(l, x). For simplicity we will impose ipx G L 1 nL 2 to fullfil the hypothesis 
|£| 27 u(l,£) G L°°(£ 2 < 1) n L 2 needed in TheoremOwith 7 = 0. Then it will follow the 
existence of an /+ G L 2 such that u(t) behaves like e^' -1 ^ /+. Now, on the one hand, the 

pseudo-conformal transform of e^' _1 ^^/+ is the free evolution of e td % f + (-5)- On 

the other hand T is an isometry of I? . As a consequence we obtain from Theorem 1 1.1 1 the 
following scattering result. 

Theorem 1.2. Let < a and let rpi be a small function in L 1 P1L 2 with respect to a. Then 
there exists a unique solution ip of equation for < t < 1 with 



ip(l,x) = ae %x i + tp 1 (x), 



such that ij)(t,x) - a^- G L°°((0, l),L 2 ) n L 4 ((0, 1),L°°). Moreover, there exists ip + G L' 1 
such that 



L 2 



for any < 5 < 1/4, and for \x\ < 2 

\x\ 25 ^ + (x)\ < C(a, <5)||^i|Uw 
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As we shall see in Corollary 13.51 if u\ is regular in terms of Sobolev spaces so is the 
solution u(t) given in Theorem II. li So in particular u(t) is uniformly bounded in terms of 
the size of u\. Then from (|16p we conclude that if u\ is small enough with respect to a then 
-^jl < \ip(t,x)\ < and therefore \ip(t, x)\ becomes singular as t goes to zero. Hence 
we can use the Frenet system to construct x) a regular solution of (H|) for < t < 1, 
and the corresponding Frenet frame, that will become also singular as t approaches to zero 
(see for instance [16] or the Appendix of [3]). Notice also that this argument works in both 
settings, focusing and defocusing. Moreover, due to the fact that in the focusing situation 
the binormal has unit euclidean length, and that the curvature is integrable in time, we 
can define Xo( x ) as 

(17) xo(x) =xO~,x) - c(T,x)b{r,x)dr. 



o 

As a conclusion we have the following result. 

Theorem 1.3. Let < a and Xi{ x ) a regular curve with curvature and torsion c\ and t\. 
We define 

^i(x) = ciOr)^^')^ Ul ( x ) = e-i'rfalx) 

and assume that u\ £ L 1 n small with respect to a. Then there exists a unique x(t, x ) 
regular solution of (pQ) for < t < 1 with xO-,%) = Xi( x )- Moreover, its curvature and 
torsion c and r satisfy 



a, 



(18) 



. . a 



< 



C{ui) u , x ^ C(m) 



i+ ' 



T(i,*)-- 



< 



3+ ' 



and by defining Xo( x ) as * n C3) then 

\ X (t,x)-xo(x)\ <C( Ul )Vt. 

Remark 1.4. The bounds of the curvature and torsion given in (|18p follow from their 
definition 

c(t,x) = m,x)\, T (t,x) = Q ^p^ 

and from the rate of decay obtained in Corollary 13.51 below. The same calculations can be 
found in §3.2 of [3], therefore they will be omitted here. 

Remark 1.5. As we said before, by Theorem 1.5 in [3], if a is small enough and if ip+ is 
small and regular enough with \x\~ 2 ip + locally integrable, then Xoi x ) has a corner at the 
origin x = 0. 

Remark 1.6. The use of the Frenet frame can be avoided. In fact, once a solution of ([!]) 
is obtained, a slight modification of Theorem 3.1 of [16] can be used to construct a solution 
for ([I]) for < t < 1, with a trace xo * n the focusing case defined as in (fTTl) . This is 
because \ip\ 2 — %- is in L 2 ((e, 1),L°°) for any positive e. In this case becomes unbounded 
in the Strichartz norm L 4 ((0, 1), L 00 ), and therefore the corresponding frame will become 
also singular as t approaches to zero, as does the Frenet frame. 
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The paper is organized as follows. In Section $2]we study the asymptotic completeness 
of the linear equation (|14p . Then in Section £}3] we deduce Theorem 11.11 by perturbative 
methods. As already mentioned, Appendix A contains the proof of a new version of the 
existence of the wave operator of (jlOp that fits better with the hypothesis needed to obtain 
the asymptotic completeness of Theorem 11.11 Finally in Appendix B we prove the growth 
of the zero Fourier mode for the solutions of the linear and the non-linear equations, (Q2 
and (|10p . property that we think it is interesting in itself. 
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2. Scattering for the linear equation 
In this section we consider only the linear equation (|14p : 

a 2 

with initial data u(to,x) at time to > 1- We start in §2.11 with the proof of some a-priori 
estimates on the Fourier modes of u(t), that will allow us in §2.2l to get a satisfactory global 
existence result. Then in §2.31 we prove the asymptotic completeness for (|14j) . again with 
the help of the properties pointed out in §2.11 Finally, in §2.4l we obtain a regularity result 
for the asymptotic state and we prove a-posteriori that u E L ((to, oo), L°°). 

2.1. A-priori controls. 

Lemma 2.1. If u solves equation (|14|) then for < to < t, 



t a 

(19) \u(t, 01 < -j (K*0, 01 + K*0, -01) ■ 



o 



In particular, 

\\u(t)\\ Ak < ^\\u(t )\\^ k 

for all k € Z. 



t° 2 



Proof. Using the Fourier transform we write equation (|14p as 



a 2 - , ^ _ ^ „ a 2 



(20) = iu t (t, - ± 7i±^«(^ = *«t(*. " r«(t, ± 7f±^ -0- 



By multiplying by u(t, an d by taking the imaginary part, 

„2 



dt\Ht, 0I 2 = T29 u(t, -0 0- 
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We obtain 



a 2 



d t \u(t,0\ < T \u(t,-0\, 



therefore 



a 2 



d t (\u(t, o\ + \u(t, -oi) < j mt, 01 + -oi) > 



(21) |u(t, 01 < ( C(a) + ) (|u(t 0) 01 + |fi(*o, -01) , 



so the lemma follows. □ 

Now we shall improve this control for some small frequencies. 
Lemma 2.2. Let < 8. If u solves equation (|14p then for all £ 7^ and /or < to < ^ 

C(a, sy 

WW 

which is a better estimate than the one of Lemma \2.1\ in the region -hj < £ 2S . 

Proof We shall work with w(t) = u(t)e ±ia2 log * the solution of (fT5j) : 

a 2 

• 1 + w xx ± —(w + w) = 0. 
We have, by taking the Fourier modes of the real and imaginary part of w, 

(22) d t ^(t,0 =£ 2 %w~(t,0i 

. . . . 2a 2 

(23) 8 t $hv(t, = -f tow(t, ± — »«;(*, 0- 

We denote 



Equations ([22j) and ([23]) become 

(24) 5?(t) = Z € (t) , Z$) = 1 + ^) n(*) = (- 1 + x) ^ 

For simplicity, we consider only the focusing case, that is slightly more complicated. For 
< e < 1 to be chosen later, the function 

a^t)= l -\Y^)\ 2 + e\Z i {t)\ 2 

satisfies 

4^<- 1+ ?)>«MH+4W 

Therefore 



log o-< - / ( i - e"j - 2a 2 elog^ < 0, 



and finally for &1\ < to < t, 
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where 



$(t) = (t - t ) Q - ej + 2a 2 e(logi - logt ). 

Case 1: < t < t < min{a 2 , 
In this region 

< e^- 2a2elos * a ? (t ) < e'r+^^a^to). 

By choosing 

1 

e = 



V\ l °gto\ 
we get 

a f (t) < e 3a Vll°g*ol^(f ). 

It follows that 



and 



V I log to | / 

|^(t)| 2 < (I logto|ln(*o)| 2 + l^(*o)| 2 ) e 3a2 v1^. 



Therefore, for all S > 0, there exists a constant C(a,<f) such that for all < to < 
t < min{a 2 , ±}, 

|y € (t)| 2 + |^(t)| 2 < (in(^o)l 2 + l^(to)l 2 )- 

Case 2: min{a 2 , -} < to < i < 4a 2 (if such a situation exists). 

In this case, by taking e = 1, 5>(i) is bounded by a constant depending on a, and 

we get 

|^(t)| 2 + \Z 6 (t)\ 2 < C(a)(\Y^t )\ 2 + |^(to)| 2 ). 
Case 3: 4a 2 <t <t. 

For this region we shall diagonalize the system 
Let 



a(i) = \/l-^ , P(t)=' ' ! 



ia(t) —ia(t) 



In particular, 

1 

71 



/ i 

< a(t) < 1 , P^it) = 



2 2a(t) 

1 i 

2 2a(t) 
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Then 



satisfies 



Denote 



Finally, 



satisfies 



Yd*) 



p-\t) 



+ 



ia 
— ia 



f°° a 2 
$(t) = t - a 2 log t - / a(s) - 1 + — 
Jt s 



ds. 



fat) 



e -**(t) o 



(25) 



M(t) 



o e**w y V %(t) 



where 

e -»*(t) o 
e^W 



$(P _1 )P 



e i*(t) o 



a 



_j e -M*(t) 



e-^W J ~ 2t 2 a 2 V e**W -1 

„2 



Since < a(t) < 1, all the entries of M(i) are upper-bounded by We infer 
that 

d t (m 2 + \z,\ 2 )<^(\Y,\ 2 + \z,\ 2 ), 

so 

Ca 2 



ft^iog(|y^ + |z € n + — j <o. 

We have ^ < f , and we get 

|y € (t)| 2 + |z 5 (t)| 2 <c(|y f (t )| 2 + |^(to)l 2 ) 

Finally, from the relation 



inwi 2 + i^(*)i s 



1 i 


2 


1 i 


-Y £ Z £ 


+ 


-y + — z £ 


2 4 2a 4 


2 5 2a ? 



and from < a(t) < 1 it follows that 
(26) |y € (t)| 2 + \Z £ (t)\ 2 < C(\Y £ (t )\ 2 + |Z € (*,)| 2 ) 
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Summarizing, we have obtained that for all 5 > 0, there exists a constant C(a,5) such 
that for all < t < t, 

(27) |y e (t)| 2 + \Z^t)\ 2 < (c(a) + (|Y ? (t )| 2 + |^(io)| 2 )- 

By recovering the first unknowns, for all < to < 

\^(t,0\ 2 + \^(t,0\ 2 < (c(a) + T^p) (l^M*o,£)| 2 + |^(*o, C)| 2 ) , 
and by using the identity 2(|zi| 2 + | ^2 1 2 ) = \zi + *-^2 1 2 + \%i — iz^\ 2 , 

Rt,oi 2 + r*, -oi a < (c(a) + (K*».fli 2 + K*>, -e)i 2 ) • 

Since = n(t)e ±l ° 2 log * the Lemma follows. 

For further use we want to compute the asymptotic behavior of the solution u of (|14|) , 
In view of (1250 and ([26B of Case 3, we can define for 4a 2 < to 



so that for 4a < to < t 



(28) uj = usj + / ^urwj*' 

and 

(29) |y € (t) - ifl + |i € (t) - z+\ < ^(in(fo)l + l^(to)l). 

We have 

f-oo _2 



^(-y { (r) + e-»(%))ir 

/oo 2 „— i*(r) , , 
i^-(-y € (r) + Z f (r)) 

1 2 \ f 00 a 2 e~ i0 ( T ) 2 



and 



^(e»(%)-i { ( T ))dr 

/oo 2 „«<I>(t) , . 
(y ? (r) - Z € (r)) 

/l j \ f 00 a 2 e**( r ) z 



e »(*) 
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therefore since = and = Z—t we get the relation 



,;{„, y+ = e »(t) ( ly^) + ±Z-t(t) 



oo a 2 e i$(r) j 

2~2 Z-e(r)dT = z+. 



2r 2 a 2 a 

As a conclusion, by ([29]) and ([27|) we get for all < to and all t > max{io,4a 2 }, 



(31) 



1. 



-Y( 



2a 



2 5 2a 



1 



e i*(t)yH 

C(a,5) 



1, 



y f + _L Zf -e" i$ Wz+ 



+ 



2a 



2 5 2a 5 



< - \C(a) + j (\Y^t )\ + |^(to)|). 

In particular, in view of the definition of a(t) and of estimate ()26|) . we have 

C(a,<5) X 



C(a) + 



to 



dn(*o)i + i^(*o)i). 



Hence noticing that <3?(i) = i — a 2 log t + (j) we get that u+ defined by 



(32) 



2Z+ = e 



-ia log £ z 



satisfies for all < to and for all t > maxjio, -73-} the estimate 



1 



(33) - e"^ u + (0\ < ^ ( C(a) + 



C{a,5) 



(eto) s 



(|&(to,£)l + K*o, -£)!)• 



By combining this estimate with (|2ip for time t - 
see that (f33|) is valid for all < to < £. 



and for time < to < t < we 



□ 



Remark 2.3. Let us notice that the logarithmic loss is generally unavoidable. Suppose 
Y^(to) = Z^(t(j) = 1 and < to < t < min{a 2 , -}. Then in view of the system (|24p . we 
have that Y^(t) > 1 and Z^(t) > 1, and so 

^ 2a 2 
t 

Then we get finally the logarithmic lower bound 



Z f (t) > Z^io) - 2a 2 log J- - (t - to) > C(a)| log t |. 

to 

Remark 2.4. 7n E li?, 1\ we shall see that if u(to,0) is defined and if ii(to,0) ^ 0, then also 
for £ = a logarithmic loss is unavoidable, independently of the size of to < t: 



(34) 



u 



(t, 0) = e ±ta2 logt -Tu(t , 0) ± 2ia 2 e ±ia2 log * sR«(t , 0) log - 

to 
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Moreover, under certain conditions on the initial data, a logarithmic loss will be shown in 
QB.tA for the zero-modes of the solutions of the nonlinear equation (|10p . 

We end this subsection with an estimate on the typical Duhamel term associated to ([1 

Lemma 2.5. Let < 5. Let u be a solution of equation (|14p and let 



A tl ,t 2 {0 = a 2 



H 



~-l±2ia z 



be the Fourier transform of the Duhamel term integrated between two arbitrary times to < 
ti < t 2 . Then for ^ 

C(a,5)\ \u(t ,O\ + \u(t ,-O\ 



(35) 



\A tl , t2 (0\ <(C(a) + 



Proof. We perform an integration by parts 



en 



A 2 -it? [ t2 d T e^ u(t,-0 



it; 2 t 



\±2ia 2 



dr 



2 p -i(t-r)e 



a e 



^2 T l±2ia 

From ([2D]) we get 
and then 

Therefore by replacing 



*i 



t2 e -i(*-r)C 9t u(t, -£) (1 ± 2ia 2 )e- i{t - T ^ 



i^ 



-\±2ia 2 



a 



2 ~2±2ia 2 



iS, 2 T 



u(t, — £) dr. 



iu t (t, -o - rfi(t, -e) ± -TTt-t o = o, 



j\±2ia 2 

a 2 



<9 T u(r, -£) = i£ u(t, -£) =F « 
we recover an At lt t 2 {£) with sign minus, so that 

a 2 e -i(t-r)e 



-u(t, £) 



A tl ,t 2 (0 



ni 2 r i±2i 



-u(r,-f) 



t2 e -i{t-r)e T ia 2 u( T , (1 ± 2ia 2 )e- i ( t - T K 2 



2ii 2 

Then we can upper-bound 



2i£ 2 T 



2 ~-2±2ia 2 



u(t, — £) dr. 



2 2 

a 2 f t2 dr 
+^2 I {a 2 \u(T,0\ + \l + 2ia 2 \\u(r,-0\) ^. 
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Now Lemma 12.21 allows us to conclude, 



|^ 2 (£)| < aV + 11 + ^\) ( C{a) + C(a ' 6) ^ + 



and the Lemma follows. □ 

2.2. Global solutions. For an initial data in H s we get by Lemma |2. II that the solution 
is globally in H s , but with a growth of ||if(i)||#». To avoid this issue, we shall start with 
an initial data in a more restricted space. We recall the spaces defined in the Introduction 
by ([ED and CE3D. Let < 7 < \ throughout the rest of the paper. For a fixed to, we define 
a norm on functions depending only on space variable 

= + -^iiiei 27 /(oii^ ( ^<i), 

*° f 4 v^O " 

and a norm on functions depending on both time and space 

My, =SUp \ l\\g(t)\\ L2 + ^\\\^g(t,0\\L^e<l^ , 

and and are the corresponding spaces. 

Proposition 2.6. Lei to > 1. Let u(to) &e o function in X^ Q . Then there exists a unique 
global solution u G Y^ Q of equation (|14p urat/t it (to) initial data at time to, and 

||u||y7 < C(a) ||«(to)||x7 ■ 

More precisely, 

(36) sup 4|K*)IIl2 < C(a) \\u(t )\\ x7 , 

o 

t / VH) VH) 

Proof. We first show the Proposition with to = 1 an d then for an arbitrary to- 

We start with u(l) G X^, which means that u(l) G L 2 with |£| 2 T{t(l,£) bounded in the 
region £ 2 < 1. We know already that a global solution u(t) G C((l,oo),L 2 ) exists, and we 
want to show that it belongs to . By Lemma |2. H for all M > 0, 

(37) ^III£I 27 ^0IIl^2< m) < 2\\\^u(i,o\\ L °°(e<M), 

so the second condition to be in is fulfilled by taking M = 1. To control the L 2 norm 
we split it into two parts 

|L2 = = II«(*)I|L2(52<1) + IKt)||L2(l<£2) = i+J. 
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For both parts we use Lemma 12.21 with 5 < \ — 7, 
and 

J<C(a)\Wl,0\\ L i(i<e)<C(a)\\u(l)\\ L 2. 
Therefore we have the L 2 norm of u(t) bounded in time, 

\W(t)\\ L2 < C(a) |K1)|| X2 + C(a) m\ 2 MhO\\L^ ( e<D < C(a)\\u(l)\\ xl , 
and so u is in . 

Now we start with u(t ) G X7. We define U(l) by 



17 



We have 
and 



u(t ,x) = U 1, 



Wt )\\ L2 =t*\\U(l)\\ L 2 



t 



7 



t 



7 



|iiiei 27 ^o,e)ii^ (c2 <i)- '■■ 



27 / ix£ 



[/ 1, 



L°°(£ 2 <1) 



= ^iiici 27 ^(i,ev / ^)ii^( f2 <i) = iiki^cujiu-^*,) ^ mei 27 c>(i,oii^^<i)- 

Hence 

\\U(l)\\ x ,<\\u(t )\\ x7 , 
1 t 

and U(l) is in X 7 . Therefore we can consider the global solution U £ of equation ([1 
with initial data U(l) at time 1. The function u defined by 

. . tt f t x 

u{t ' x) = u Wvr 0/ 

is the solution of equation (I14j) with initial data u(to) at time to- We shall re- write the L 2 



estimate and (j37|) with M = to, 



sup ||C/(i)|| i2 < C(a) \\U(l)\\ x ,, sup illlel^^Ct.OIU-^to) < 2 lll£| 27 #(l,OIU«fc><to)> 



in terms of u. We have 

sup ||C/(t)|| L 2 = sup Hu^to^V 7 ^))!!^ =sup — \\u(tt )\\ L 2 = sup — ||«(t)|| £ 2, 

t>l t>l t>l +4 t>tn +4 

and since we have already shown that ||f^(l)||x 7 — ll M (^o)||x 7 > we S e ^ the first estimate of 

1 t 

). We have also already computed 



|||£| 2 MU)||^<to) 



|iiici 27 ^o,e)ii^ (?2 <i), 



18 



V. BANICA AND L. VEGA 



and we get similarly 

sup -^2\\\t\ 2j u(t,o\\L°°{e<to) = su p 

t>l I ~ t>l t 



1 1 



sup 



ie| 2 ^(tto, 



= sup 

L°°(5 2 <t ) *>*0 



M a2 1 



lei 2 ^ t, 



L°°(e<t ) 



so we get also the second estimate of (|36|) and the proof is complete. 



sup (t°y Jtw 

t>t \ t J V*0 



L°°(e<to) 



□ 



Since equation (|14p is linear, we can apply Proposition 12.61 for the higher order deriva- 
tives, and get the following statement. 

Corollary 2.7. Let s£N and to > 1. Let u(to) be a function in X7 such that d^.u{to) E 
X^ Q for all < k < s. Then there exists a unique global solution u E of equation (H 
with u(to) initial data at time to, with d%u E Y^ Q for all < k < s, and 

:>fc„, ii ^ r<t „\ n £>fc„ 



More 'precisely, 



\d%u\\ Y , <C(a)\\d«u(t )\\ x7 . 
*o 'o 



sup -||^(t)|| L2 < C(a) ||^o)|lx7 - 



t>t +4 

r 



*0 



^|||f|^(t,0llL<-(^<i) <C(a) ^|=|||e| 2 ^(to,e)ll^(^<i)- 
2.3. Asymptotic completeness. 

Proposition 2.8. Let to > 1 and ■u(^o) ^ e a function in X^ Q . Then the unique global 
solution u E o/ equation (THl) wii/i tt(to) initial data at time to scatters in L? . More 
precisely, there exists u + E L? such that 



(38) ||«(t) - e i(i -* o)9 'n+|| L 2 < C(a, 5) 
for any < 5 < 1/4 — 7. 



;i + iogt )i 2 



I -(7+5) 



f4 



\ -(7+5) 



W*o)Hx- 



t^OO 



0, 



Proof. First we shall show that e * ^ 2 u(t, x) has a limit in L 2 as t goes to infinity. This 
is equivalent to 



-it 2 dl 



u(t 2 ,x) - e~ itld x u(h,x) 



L 2 ti,t2— >oo 



0, 



and to 



e u ^u(t 2 ,0-e u ^u( tl ,0 



it 2 e 



r2 = II^WOIIl*, — + 



0. 
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For I /t < £ 2 , Lemma [23] gives 

ll^i,t 2 (C)l| i2(1/to < a <C(a)|||«(io)|U 2 . 
In the region £ 2 < l/t2 < 1/to we use Lemma 12.21 

I^WOI <« 2 



< C(a,d) 772715 log * 2 ' 



so for < 5 < 1/4 - 7, 



ll^i,t 2 llL 2 (£ 2 <i/t 2 ) < C(a,5) 



\\\e^(to,o\\ 



£°°(£ 2 <i) 



log^ 2 



1 + log t 2 



fS 

'() 



^2(7+5) 



L 2 (£ 2 <l/t 2 ) 



<c( a ,j) l ;j inerfl(to,oiiL°° ( ^<i)- 

''O 6 2 

In the region 1/^2 < £ 2 < 1/ti < l/io> we split 

= ^i,i/5 2 + A i/efc = i + J- 

For / we use again Lemma 12.21 



|/| < a 2 



1/e Hr,-0\ 



dr < C(a,S) 



ti 



\u(to,0\ + \u(t ,-0\ n _ t2l 



and for J we use Lemma |2. 5 



C(M) |tf(t ,0| + ~, „|fi(to,0l + l«(*o,-0l 

l J l ^ 772735 771 = C(a,Sy 



(C 2 to) 

Then for < 5 < 1/4 - 7 



£2 1 



ll^i,t 2 llL 2 (i/t2<€ 2 <i/ii) ^ C(a,5) 



lll?| 2 Mio,e)ll 



L°°{e<i/ti) 



I n 



^2(7+5) 



L 2 (£ 2 <1) 



1 + logti 



In the last region l/t\ < £ 2 < 1/to we use Lemma 12.51 



ll^i,i 2 llL 2 (i/ti<5 2 <i/to) < C(a,<5) 



1 lll£l 2 M*o,OIU°°(^<i) 



< C(a,5) 



°°(€ 2 <1) ,|+(7+<5) 



1 



^2+2(7+5) 



i 2 (lAi<« 2 <l) 



Mo 



1 



c(a,s)—j-^m\ 2l Hto,mL^e<i)- 

t i x 



In conclusion, we have obtained 



(39) P fl , f2 || L2 <C(affl|ttfa)||^+C(M) L+^r lllCl^Cto.OIU-tf^i) 



t 1 1 
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< C{a, 8) | t$ - + : „ x j2 , ^ | IK*o) || 



x? 



Therefore we have a limit it + G L 2 of e '(* u(t,x) as i goes to infinity. To get the 
decay rate (f38|) we fix ti = f and t2 = oo, 

i-( 7 +5) 1 + logt 



-i{t-t )dl 



u(t, x) 



L 2 



\Atflo\\v < C(a,5)t 



I -(7+5) 



K*o)ll 



'o 



for any < 5 < \ — 7, and since to > 1 the Proposition follows. 



□ 



We have used in this proof the Lemmas 12 , H 12 . 21 and 12 . 51 that are pointwise estimates in 
Fourier, so they apply to higher order derivatives. If d%u(to) G X(to) 7 , for < k < s, we 
get then similar estimates as ()39p . 



(1 + log t )4" (7+<) „,.,,,. 



L 2 



t 



I- (7+5) 



<9£ u(t 



o)\\x7 ■ 



Therefore we get a limit u + G LP of e^' - ' ^ it(t, cc) as £ goes to infinity and 



u + -e-^- t0 ^u(t,x) 
Let us state this result. 



\\d k x A tt00 \\ L2 <C(a,S) 



:i+iogt )tf (7+<5) ll:] , 



t4 



j "(7+5) 



^n(to) 



*o 



Corollary 2.9. Lei s£ff and to > 1. Let tt(to) fre a function in X^ such that d%u(to) G 
X^ o for all < k < s. Then the unique global solution u G of equation (|14|) with it (to) 
initial data at time to, with d*u G ¥^ / or o,ll < k < s, scatters in H s . More precisely, 
there exists u+ G LP such that 



(40) \\u(t)-e^- t0 ^u + \\ Hk <C(a,5) 
for any < 5 < 1/4 — 7. 



(l+logto)C (7+5) „,A 



t4 



3 -(7+5) 



II Wo) 11^7 — ► 0, 

*0 t— >oo 



2.4. A-posteriori estimates. In this subsection we give some extra-estimates first on the 
asymptotic state u+, and then on u(t), solution of (|14p with initial condition u(to) G Xt 
and to > 1- By Proposition 12.81 we know already that u + G L 2 with 



\u+\\ L 2 < ||n(t)|| L 2 + C(a,5) 



(1 + log t )t 



\ -h+s) 



for all t > to > 1, and by using ([55]) we obtain the bound 
(41) 



K*o)|| 



x?. 



\u+\\ L 2 < C(a)t 4 ||?x(to)||x7 • 



Next we shall derive a control of the asymptotic state u+ in the spirit of the one in Lemma 
?2] on the solution u(t). 
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Lemma 2.10. Let < 5. The function u + satisfies for all £ ^ the estimate 

1 + | log 



(42) ^(Ol < ( C(a) + C(a, T' J (l"(*o,£)l + l«(*o, -01) • 



Proof. We have in L and pointwise in Fourier variables, 



u + (x) = u(t ,x) +i a 2 I e^^^dr, 



to 



so 

u+{0 = u (t ,0 + e ite A t0:OO (£), 

and 

(01- 

For the region 1/to < £ 2 the conclusion follows immediately from Lemma 12.51 
For the region £ 2 < 1/to we have obtained in the proof of Proposition 12.81 that 

|^to,oo(e)l <C(a, S) l lo S^ l+ c M) (j^jTfis : 

and the Lemma follows. 



In particular, for all £ < 1/to we have 



k| \u + (0\<C(a,5)t> (7+5) ||n(*o)|lx7. 



l + |log|£||' v ' ' u 

for any < 5. So, if to = 1, we get for all £ 2 < 1 and for any < 5, 
(44) \tf^\u+(0\<C(a,5)\\u(l)\\ x ,. 

We end this section with a regularity property of the solutions of ([1 



□ 



Proposition 2.11. Under the assumptions of Proposition [Ol i/ie solution u{t) belongs to 
L 4 ((to, oo), L°°) imi/i t/ie bound 

i 

< C(a)t 4 (1 + log 2 1 ) ||«(«o)||x? > 

and so does ako — e^'~ <0 ^^M+. 
Proof. We use the Duhamel formulae 



u (t)= e i(*-*o)« u ( to ) +ia 2 I e Ht-r)dl_^_ dT 



to 



J t 1 J to 1 
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Since (4, oo) is a Strichartz 1-d admissible couple, we can upper-bound the L 4 ((to, oo), L c 
norm of the first and of the second term by 

Jto T 

and by using the rate of decay of Proposition 12, 8\ for some < 5 < \ — 7, 

L |-(7+5)„ f . \ 11 f°° dT 



M<C\\u(t )\\ L 2+C(a)(l + logt )4 (7+5 V(*o)||x to / 

J tr 



to rt-^+ 5 ) 



< C(o)(l + logt )4 ||«(*o)||a7 ■ 

Therefore we only need to estimate in L 4 ((to, 00), L°°) the last term. Let 9{x) be a cut-off 
function with 0(x) = for \x\ < ^ and 6{x) = 1 for \x\ > 1. We decompose as usual the 
domain of the Fourier variable into three regions, ^ 2 < 1/^, 1/i < £ 2 < 1/io an d 1/to < £ 2 > 

= 1 (1 - 0)(^ 2 ) + y ^(^ 2 ) (1 - ^o£ 2 ) + y e(^ 2 ) e(t e) =i+j+k. 

For / we integrate directly in t, 

|/(i)| < / |«+(-0|logtde 
J^ 2 <i/t 

and we apply Lemma f2. 101 for some < <5 < 7 — 7, 

|I(i)| < C(o)— g- / (Ht ,£)\ + \u(t ,-£)\)d£<C(a) - 



Then 

urn \ lll^l 27 ^fa^)H^K 2 <i) l + log 2 *o 1 1 2+ mi, , mi 

PlU<((to,oo),r«) < C» ^ " L o — » < C(a)*o (i+iog *o) \Ht )\\ x ? ■ 

To treat J we first split the integral in r into two parts 



e teC e -<t€ 0(^2) (1 _ 0)(t o £ 2 ) e -it°t u ~ / 1 drdC = Ji + J 2 . 

J 1/^2 r 

We need the following lemma. 



Lemma 2.12. Define U t f as UJ(0 = 0(^0^*7(0, ^ + WWv < C. 

Then 

WtfLiL- < C\\f\\ L 2. 
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Proof. The lemma follows from the usual TT* argument and the elementary inequality 



J e-^ a ^</,(y/\t\0 < 



C 



+ \W\\v)- 



□ 



Therefore we get the following estimate for J\ 

l|JilU4((to,oo),r») < C (1 - 9)(t»a^R) 
Now we use Lemma I2.1UI and get 



ve e i2re 



-oIt 



t 



<C\\u + (-Olog\t\\\ L * {e < 1/to) 



L 2 



ll^l||L 4 ((to,oo),L°°) < C(a) 



\\\H\ 2j Ht ,o\\L~ { e<i) 



1 + log 2 |^| 



^2(7+5) 



L 2 (S 2 <l/*o) 

< C(a) i±i^% 111^27^(^^)11^^^ < C (a)tl (1 + log 2 t ) \\u(t )\\ x 



r 



to 



For J2 we perform first the integration by parts 

t 



dr 



J2r^ 



i/e 



Therefore 

\Mt)\ < j 



2i£ 2 T 



+ 



dr 



j2te 



'i2 



2iiH 2% 



ti 2 p i2r 



2iT 2 



d.T 



2iiH 

K+(-£)l 



J2 



00 e i2r e . 



2 2ir 2 



d£+C 



00 g«2r 



2iT 2 



dr. 



C2 

l/2£<£ 2 <l/io ? 

For the first term we use again Lemma 12,101 and get 



e(te)(i-o)(t e)e- it °z u+(-ode 



c 
T 



l/2t<C 2 <l/to 



Z2 a? SO (a) 







l + |log|£|| 



£2+2(7+5) 



L^{i/2t<e, 2 <i/t ) 



^ a + iogt |||ei 27 ^o,OIU-« 2 <i) 



f2 



'r 



The second term of J2 is similar to a linear evolution as J\ . We obtain 

2||L 4 ((i ,oo),L°°) < C(a) + L g ° |||C| 27 '"(io,OllL 00 (5 2 <i)> 



SO 



[|J r IU*((*o,oo),i~ ) < C(a)q (1 + log 2 t ) \\u(to)\\ x ^. 
For we use again the integration by parts 



* e i2-r£ 2 



-dr 



to 



e i2te 
2%i 2 t 



00 gi2r 



-At 



if 2 



e i2t « 2 

2i£ 2 i 



+ 



00 e «2-r£ 2 



to 



2^ 2 r 2 
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hence 



|A-WI<f/ 



+ 



By Cauchy-Schwarz's inequality, the first term is upper-bounded by C-j-||n_|_|| i 2. By (jJT 
this in turn is smaller than C(a)^f \\u(to)\\ x y. We get again, as for J2, 

II^IU*((t ,oo),i-) < C(o)*o (1 + log 2 to) IKto)||j^- 

Summarizing, we have obtained the desired estimate 

1 

< C(a) t* (1 + log 2 t ) \\u(t )\\ x y . 
The Strichartz inequalities for a free evolution together with (|41|) give 

||e^^n + || L 4 ((t0iOo)iLCO) < C||n + || L2 < C7(o)4||«(td)||^, 

so we also have 

|| u (t)- e ^-*o)9^ + || i4((toi0o))ioo) < C(a)4(l + log 2 t )INio)|lA7 



□ 



Lemma 12.101 is a pointwise estimate for Fourier transforms, so it fits for higher order 
derivatives. Again by linearity we have the results of Proposition 12.111 at higher Sobolev 
order, if d%u(to) £ X(to) : d*u(t) belongs to L A ((to, 00), L°°) with the bound 

ll^«IU*((to,oo),x«) < C(a) 4(1 + log 2 t ) \\d k x u(to)\\x? o - 

3. Scattering for the nonlinear equation 

In this section we prove Theorem 11.11 By using the results on the linear equation (|14j) 
obtained in the previous section, we first infer in ^3.11 a global existence result for the non- 
linear equation (llOp . Then we prove in §3.21 asymptotic completeness for these solutions. 
In the last subsection §3.31 we give new information about the regularity of the asymptotic 
state, which completes the proof of Theorem 11.11 



We start by writing the nonlinear solutions of (|10p in terms of solutions of the linear 
equation (|14p. Let us notice that the estimates obtained in the previous section are inde- 
pendent of the sign in (|14p . so in the sequel we shall consider only one of the signs - the 
other sign case can be treated the same. We denote by S(t,to)f the solution of (fl4"|) with 
sign plus 



a 2 
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with initial data / at time to > 1. With this notation, for to < t we have the estimates 
(I36j) of Proposition [M 

(45) I|S(Mo)/||l3 < C(a) 4 \\f\\ xl , 
and 

(46) iiiei 27 ^(M^/(e)ii^( ?2 <i) < c (JX iii^/coiu-^). 

and the one of Proposition 12.111 

(47) l|S(-,*o)/|| i 4(( t0j oo) ) i^) < C(a) 4(1 + log 2 1 ) ||/Ha7 o , 

as well as all their equivalents at higher order derivatives, if d%f 6 XZ. 
Now the solution of 

a 2 F 

t l+2ial U+ t 

with u(l) initial data at time t = 1 writes 

(48) u(t, x) = S(t, 1) u(l) + / S(t,r)^-^dr. 
It is enough to verify this formula for u(l) = 0, 



u t = i ( u xx + , 9 . 2 m + 



ft« = ft / S(t,r)^dr = ^ + ^^5(t,r)^ + ^^5(t,r)^j^ 

F a 2 



I 1 1 fl+2ia 2 

In our case of (|10p . F is composed of cubic and quadratic powers of u. 

3.1. Global existence. Let us recall again the definitions of the norms of Xj and Y± , for 

0<7<i, 



1x7 - \\j iii 2 + IIICI 27 /(0IIl°°(5 2 <i)> 

\\9\\y? = sup (jbWIlL 2 + ^III£| 27 <K^£)IIl-(£ 2 <i)) • 
We have the following global existence result on the nonlinear equation (I10|) . 

Proposition 3.1. Let u(l) be a function in Xj small with respect to a. Then there exists 
a unique global solution u 6 Z 7 = n L 4 ((l, 00), L°°) 0/ equation (|10p tmt/t u(l) initial 
data at time t = 1, and 

< C(a) ||n(l)|| X 7. 
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Proof. In view of (|48p we shall prove the propositions by doing a fixed point argument in 
Z' 7 for the operator 

*(«)(*) =5(t,l)«(l)+ t S(t,T) lF ^ T ^ dT. 

Jl T 

The estimates (jl5|) . ([35]) . and ([TFj) ensure us that 

\\S(t,l)u(l)\\ z , <C(a)\\u(l)\\ x ,. 
We start with a property that we shall use frequently in the following. 
Lemma 3.2. Let u G Z 7 and a < g — 7. T/ien /or 1 < t\ < £2 



j 

Ju 



-dr < C- 



'-' Q H-FMt))!!^ ^_ ^ ^ S JG{1,2} ( a ll U ll^((t 1 , ta ),L«j) + W^L^att^L'j) 



< c 



a \\ u \\zi \\ u \ 



z~< 



where (pi,gi) = (00, 2) and (^2,^2) = (4, 00). 

Proo/. By definition (jl2|) of XJ. and since |/(£)| < ||/|| L i , we get 

T 



42 JI^K^IIx? , 

r —ut 



*2 / 1 T 7 \ /7 T 

-\\F(u(r))\\ L2 + \\\^F( U (r))\\ Lx{e<1) 

tl \T4 



< ca 



|n(r) 



11* ■ 



dr 



-+ca 



\u(r^ 2 



dr 



L 2 ~ 

T2 



-a— 7 



-+c 



7 
T ' 

t2 



tl 



\ u ( T )\\h^r—+ c 

T4 



'2 



|n(rM' 3 



dr 



L3 — 

T2 



■a— 7 



We apply Holder's inequality L — L3 in the first and the last integral, and Cauchy- 
Schwarz's inequality for the third one. 



42 a \\F(u(r))\\x7 

T - 



dr < ca \\u\\ 2 T 



L8((t u t 2 ),L*) 



1 



T4 



4 + ca IMIl°°((1,oo),L 2 ) 



t2 



f/r 



tl T2 



-a— 7 



+ c IML 6 ((t 1 ,t 2 ),£ 8 ) 



1 



5 

7-4" 



1 



T2 



-a— 7 



+ c ll'"llLi2((t 1 ,t 2 ),L3) 

L 2 (ii,t 2 ) 

The spaces L 8 L 4 , L 6 L 6 and L 12 L 3 are interpolation spaces between L°°L 2 and L 4 L°°, 
therefore the Lemma follows. 

□ 



Let u G Z 7 . The L L°° norm of the integral in <£(u) can be bounded by 



a / 5(t,r) — K -^-^dr 
1 T 



< a 



L 4 ((l,oo),L°°) 



S(t,T 



iF(u{t)) 



dr. 



By using (pTTD . 



a / 5(t,r) — -^—^dr 



L 4 ((r,oo),L°°) 



L 4 ((l,oo),L°°) 



< 6(a) / T4(l + log r) -dr, 

Jl r 
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so Lemma 13.21 with a = j + gives us 

a / S(t,r) — y —^dr 
Ji T 



L 4 ((l,oo),L°°) 



< C(a) (\\u\\%y + Hli)- 



Next we upper- bound the L°°L 2 norm 



a / 5(t,r) — K —^-^dT 
1 r 



< a 



L 2 



S(t,T 



%F(u(t)) 



dr, 



L 2 



and by using (|45|) . 



a / 5(t,r) — -^-^dr 



L 2 



... . r i \\fwt))\\ x7 ^ 

< C(a) / T* -dr. 



Again, Lemma 13.21 with a = \ gives us 



. * AF{u(t)) , 
a / 5(t,r) — y -^-^dr 
l t 



< C(a) (||u||| 7 + c||u||| 7 ). 



Finally, we compute (the contribution of the other quadratic term \u\ 2 can be treated 
the same) 



1 



t" 

and by ([46 
1 



< 



L°°(£ 2 <1) 



dr, 



L°°(£ 2 <1) 



t a 



< 



L°°(£ 2 <1) 



Ca fUtV m\ 2 ^(r,m L ^ 2 <i)^ 



t a 



i 

fa 2 



< Ca \\u\\l<=°((i,oo),l 2 ) 
Also, by and by Holder's inequality, 
z|u| 2 « (r) 



1 t 



dr C 2 



< 



C_ 

t a 2 



1 ^ F ( s(t>T) M^H 



dr 



£°°(£ 2 <i) 



< 



C 



dr 



£,»(£2<1) 

[II^H^CT.OIIi-^y^C jf IKr)|||3-^<C||n||| 12((li0o))i3) . 
So we have shown that the contribution of the quadratic and cubic term is in Z~* 

< C(a) (||u||| 7 + \\uWl-r). 



i / t \o- 



T 



Summarizing, we have 



\mu)\\ z ,<C(a)(\\u(l)\\ x7 + \\u\\ 2 z , + \\u\ 



Z1 ) 5 
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so for u(l) G Xl small with respect to a, by the fixed point argument we get a global 
solution of ()10p u G Z" 1 with norm bounded by 

\\u\\ z ,<C(a)\\ U (l)\\ XJ . 

□ 



We state now the result in Sobolev spaces. This is a direct corollary of Proposition 13. 1\ 
by using the Leibniz rule and the fact that estimating the Fourier norm in Z 7 on derivative 
terms creates powers of £ which are bounded by 1. 

Corollary 3.3. Let s£N. Let d^u(l) be a function in Xj small with respect to a, for all 
< k < s. Then there exists a unique global solution u G Z 1 = n L ((1, oo), L°°), with 
d%u G Z 1 , of equation f 1 1 [) u>ii/i u(l) initial data at time t = 1, and 

S <fc<s ||^||z7 < C(a) S < fc < s ||^n(l)|| X 7. 

3.2. Asymptotic completeness. Now we prove the second part of Theorem ll.il namely 
the asymptotic completeness of the global solutions obtained by Proposition 13.11 

Proposition 3.4. Let u(l) be a function in small with respect to a. Then the unique 
global solution u G Z' 7 = n L 4 ((l, oo), L°°) of equation (|10p with u(l) initial data at 
time t = 1 scatters in L? . More precisely, there exists /+ G L 2 for which 

(49) \\u(t) - j^Uh. < \\u(l)\\ x , — 0, 

/or any 0<5<l/4 — 7. 

Proof. The nonlinear solution writes 

u(t) = S(t, 1) «(1) + / S(t,T) lF ^ T ^ dr. 

Ji T 

The scattering result of Proposition 12.81 guarantees the existence of u+ G L 2 such that 
||5(t, 1) «(1) - e^-^u + \\ L , < °M || n( i)|| 

for some 5 to be chosen latter. Since u G Z 7 then a.e. F(u(t)) G X7 and we can apply 
again Proposition 12.81 There exists u + (t) G L 2 such that 

\\S(t,r)iF(u(r)) - e^^ku^r)^ < C(a,~5) ( 1 + lo f T )^ (7+<) ||F(n(r))|| x? . 
In view of (|43l) the expression of u+(t) is 



2 Z" 00 -»- S fl 2, S'(' s )' r )^( n (' r )) , 

(50) u+(t) = F(n(r))+a 2 / e \i +2ia 2 ds. 



We define 

POO 

(51) f + = U+ + i e~^ d *u + (T) 



T 
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and we have 



u (t)-e t(t -^f+ = S(t,l)u(l)-e i{t - l)d "u + + / S(t,T)iF(u(r))—-i 



dr 



S(t,l)u(l)-e i{t - 1)9 *u + + (s(t,T)iF(u(r)) - e i( *- r)9 'iu + (r)) 



"V^ti+Cr) — 
r 



; u+(r)- 



The first term has the right decay in L 2 , and the second is upper-bounded by 



' ' S{t,T)iF(u{r)) - e^-^ku+irf <h 



< C(a,S) 



L 2 



1 (1 + log t)tHt+*) 

1 t |-(7+«) 



\\F(u(t) 



so we can use Lemma 13.21 with a = ^ — (7 + 5), 
ft (s(t,r)iF(u(r)) - e i( *- r)9 'm + (r)) ^ 



For the last term we use (HI 



At-r)d 2 u+{T) dr 



< 



L 2 



L 2 ~ iH?+*) 



~ N 1+ktgt ,„ 2 , I, 1 1 3 \ 
u \\zi ' \\ u \\zy )■ 



d:T 



u + {r)\\ L2 -<C(a) / T 4||FKr))|| x? - 



and again Lemma 13.21 with a = 4 



°V-^u + (r)- 



L 2 



< C(a) 



\ U \\%1 + ll^llzT 



In conclusion we have 



K0-e^/ + || L2 <C(a,5)i- +1 ° g ^— 1 1 "■■» a 1 ll "" 8 



-(7+5) 



I"( 1 )llx7 + W u \\z-i + IMIzt) 



1 + log t 



1 + logt 



^ c M)^3y + 11^(1)11x7 + ll^ 1 )!!^) < IN 1 »Ha; • 

and the Proposition follows by choosing < 5 < 5 < 1/4 — 7. 



1x7— > 



□ 



Similarly we get also the statement for Sobolev spaces. 

Corollary 3.5. Xei s G N. Lei it(l) be a function in such that d^u{l) G X 7 for all 
< k < s, small with respect to a. Then the unique global solution u G of equation 
(|14p with u(l) initial data at time t = 1, with d£u G Y" 7 /or all < k < s, scatters in H s . 
More precisely there exists /+ G if* swc/i that 

C(a,5) 



(52) 



| u (i)_ e <(t-i)8g /4 



< 



\ -(7+5) 



Ws||^(l)|| x 



1 t-nx> 



0, 



/or any 0<o~<l/4 — 7. 



:-!() 
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3.3. Regularity of the asymptotic state. As an extra-information on / + , we have the 
following result, in the spirit of (|44p . This completes the proof of Theorem ll.il 



Proposition 3.6. // 11^(1)11^7 is small enough with respect to a, the function f + satisfies 
for all £ 2 < 1 and < 5 < 1/4-7 

\Z\ 2 ^\f + (0\<C(a,5)\\u(l)\\ x -,. 

Proof. By definition (|5ip of /+, we have 



00 Ar-ve - - - dT 



~u + (t,Q — 



so on £ 2 < 1 the estimate ([4"l"j) insures us that the first term is upper-bounded by C(a, (5)||it(l)|| X 7 
By Lemma 12.101 and (I50h we can treat the first integral 



1/e \^ +S] \u + (r,0\-< 



< C(a,5) 



m %^iei 27 (i+|iogieii)(|iW)(0i + |iW)^ ,,T 



T 



W(r)\\ 2 L2 + \\u(r)\\i 3 ) 



3 \ 1 + logr 



r l+7+<5 

As usual, we use Holder's inequality for the second term, and get 



dr. 



ye 



dr 



\tf^\u + (T,0\-<C(a,8)\\u 



lL°°((l,oo),L 2 ) 



Vf a 1 + logr 

r l+7+<5 



d,T 



+C{a,6)\\u\\ 3 Ll2{{lj00)>L3) 



1 + log T 



T l+7+<5 

Remains to estimate the last integral which, in view of (|50p . is 



<C(a,<5)(||n||| T + ||u||| 7 )<C(a )( 5)||«(l)|| x ,. 

L3(l,l/5 2 ) 



(53) 



2(7+5) 



r 



T 



Ji/e 



j ae S{s,T)iF(u(T))(£) ds \ dr 



= h(0 + h(H)+h(0, 

where we denote by I\ the cubic contributions of F(u(t)), by I2 the quadratic ones, and 
by I3 the double integral. By Lemma 12.51 applied for some < 5, since 

|/3(0I < lfl 2h+i » f owl^M+^Hzeijr 

( r r 



<C(a 



i/e 

|e|2(7+5) i-oo 1 
U ' (\\<r)\\l 2 + \\u(r)\\l 3 ) % 

ye T 
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<C(a)£Lg— ([Ml 
We have on £ 2 < 1 



f°° dr 

'((l,oo),L2) y ^2 + IMli 12 ((l,cxD),L3) 



1 




72 


l3(i/£ 2 >°°)/ 



<C(o)||«(l)|| 



*2 



3 ^ ^ _., , |3 



< J hHllia- < C||n||i 12((li00)iL3) < C(o)||«[|^ < C(a)||«(l)|| x7 . 

For the quadratic terms I2 we first notice that quadratic powers of u(r) can be replaced 
by the quadratic powers of e^ -1 ' 9 * f+, because, in view of Proposition 13.41 

"* 2 - " ' - \ dr 



< a I \\u' 



Therefore we have obtained for £ 2 < 1 

\^ +5) \f + (0\<C(a,5)\\u(l)\\ XI 



+a|^| 2{7+5) 



He t{T ~ 1)d *f+) 2 (0 + 2Jf|e^ r - 1 ^S/ + | 2 (C) 



i(r-l)d 2 * 12/ 



-l—ia 2 



dr 



By writing explicitly the Fourier transforms, we get 
(54) 

\^ +5) \U{€)\ <C(«^)ll^(i)llx7+s je{ i )2 }«iei 2(7+a) / l/ + (r/)||/ + (£- 

where 

^(^,77) = 277(^-77) , ^(£,77) =2£(£-77). 
By integrating by parts, for r\ 7^ £, 77 7^ 0, 



d,T 



-l—ia 2 



iThj(£,ri) 



dr 



e iThj(£,v) 



i/e 



-l—ia 2 



l—ia 2 



+ {l-ia 2 ) 



00 e irhj(£,ri) ^ 



1/e ihj&T]) T 2 ~ ia2 



On one hand if \hj(£,r])\ > c£ 2 for some positive constant c, we get the uniform estimate 



d,T 



-l—ia 2 



< C{a) 



On the other hand, in the region \hj(£,rj)\ < c£ 2 , the integral from ^ h ^ ^ to infinity 
can be treated the same way. Finally, since 



dr 

-l—ia 2 



< I log |^-(^,77)||, 
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we get 

r°° At 

.irhMv) < C{a) + \log\h J (tv)\\Ma,v)\<cW- 



e 



i/£2 r 1 ia2 



Summarizing, we have obtained 
(55) |e| 2 ^|/;(OI<^(a,5)||n(l)|| x7 +(C(a) + |log|^||)|^| 2 ^) / \f + (v)\ !/+(£ - v)\ dn 



+2a|e| 2( ^ } / \f + ( V )\\U(t- V )\\log\ V \\d V . 
J\ v \<c 

We have also used here the fact that since |£| < 1 then both \rj\ and 1 77 — £| are bounded in 
the regions \hj(£,rj)\ < c|£| 2 . 

The function / + is in L 2 with norm bounded by Hw(l)HxJ') so Cauchy-Schwarz's inequa- 
lity yields 

(56) \^ +5) \U(0\<C(a,S)\\u(l)\\ x , 

+C(am 2il+S] I IZ+^llZ+^-^MlogHI^. 

J\v\<c 

On the region {\rj\ < C} n < \t]\} we can upper-bound | log \rj\\ < | log ^| and treat this 

term as before, to finally get 

(57) 

iei 2{7+5) i/;(0i<G(«^)h(i)iix7 + ^(a)iei 2{7+5) / iz+wiiz+^-^iiiogMi^. 

By Cauchy-Schwarz's inequality we obtain 

\f + (0\ 2 < C(a, 5)^1^1^(1)11^ + C(a)\\u(l)\\ XI J \f + (Z - V )\ 2 log 2 \ v \ d V . 

For < r < |£| we get then 

l/;i 2 *^W,) (?) < IMDIIx? (^/^ if-^ +^^'o) • 



where 



I ^) = hl I |f ^ J/4£-£'-^)| 2 log 2 McM£ / ■ 
Since 5 < | — 7, we have 

2r L. 



de |^ + r |l-4( 7 +5) _|^_ r |l-4( 7 +5) 

^ ■ 
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For J|i < r < |£| we get immediately the upper-bound Tms, while for < r < ^ we get the 

same upper-bound by noticing that ^ < |£ — £'| < 4^-. As a consequence, for < r < |£| 
and £ 2 < 1, 

(58) (lA| 2 *^[-r,r]) (0 ^ N 1 )^ {^m +C ^ Ir ^) ■ 

We define for £ / and functions h £ L l 

Mh(0= sup f/i*ll [ _ rir] > )(0= sup 1/ 

We get that M/i(£) is well defined almost everywhere in £: for r large we use h E L 1 , and 
for r^O we get < oo a.e. in £. As a property of this operator we have, for h > and 
for even and decreasing, 

(59) / h($ - vMv) dv = S+« /" - r?)</.(r?) dr? 
■'M<KI J$r<\v\<®- 



We have the following lemma. 



(j)(r]) drj. 

I<l€l 



Lemma 3.7. For < r < |£| < 1 the following inequality holds 

i r (o < c(a)(i + log 2 iei) iiu(i)n^ + ciei(i + log 2 lei) mi/;i 2 (o. 

Proof. First, for ^ < r < |£|, we do the change of variable r] = rj' — so 

lr(0 = ^[ [ |££/| |/ + (e-V)| 2 log 2 |r/'-^W^. 
In particular, |r/| < ^ + |r < 2|£|, and 

m < I - V)i 2 ^ / log 2 - e'l 



<cf \Mt-vT (Wl + r)1 f M + r) ^<c- 

JW\<2\£\ 2r 



iei(i + iog 2 i^i) I, , 

Vl<2|£| -'' r 



so for ^ < r < |£| we have the upper-bound C(l + log 2 |CI)II/+I| 2 2 

J|i we perform the same change of variable, and get r , , ^ — 



For < r < J|i we perform the same change of variable, and get |VI^4^ + | r ^l?l) so 



-(0< / \m-v')\ 2 ^- [ log 2 W-^dedr,'. 
J\rf\<\t\ 2r J\?\<r 
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In the region |r/| > 2r we have < so \rj' — £'| > y, and by using (|59|) . we get the 
desired upper-bound 

M < fc/<2M|/ + i a (o / i^ivi^ 

'w\<m 2 Jw\<\e\ 

In the remaining region \r/'\ < 2r we decompose the integral in rf into three parts: 



/ \f + ^-r,')\Hog 2] -^-d V ' < 2M\f + \\i) I log 2 M^ < C\i\(l+\og 2 \i\)M\f + \\i). 
JW\<\£\ 1 J\rt\<\(\ 1 



[ i/ + (W)i 2 ^( / .„+/„ +/ ) d V ' = i^o+m+iKo- 

In the first one, \rf — £'| > ^J-, so 

./|»?'|<mm{|£|,2r} * 

so as before we recover the upper-bound C|£|(l + log 2 |£|) M|/ + | 2 (£). In the second region 
we integrate in and since £' is of the size of ?/, we end up as before 

#®<c[ if^-^ W^M arfKc f i/ + (e-V)i 2 iWVi<V- 



|»?'|<min{|£|,2r} 2r J |^|<mm{|?|,2r'} 

In the last region \rf — £'| > so we get again 



iho<c [ i/ + (e-^')i 2 iog 2 ^^ 

J|rj'|<min||f|,2r} / 



\J+KS~V)\ 1U S 

'|j7'|<mm{|f|,2r} 

In conclusion for ^ < r < |£| we get the upper- bound C(l + log 2 |£|)||/+||| 2 and for 
< r < 111 we g e t the upper- bound C|£|(l + log 2 |f|)M|/+| 2 (0, so the Lemma follows. □ 

By using this Lemma, estimate ([58]) gives us for < r < |£|, 



i/;i 2 *^i[_ r , r] ) (o<\\u(i)\\ x7 



|£|4( 7 +<S) 



+C(a) (1 + log 2 |£|)M1)|| 2 + C(o) |£|(1 + log 2 |e|) M\U\\i) ) . 



,2 itiMi„./i mi2 , rif~\ \t\fi 1 1 2 im ji.fi / |2 

The constant is independent of r, so by taking the supremum in < r < |£| we obtain for 

e < 1, 

(60) 

mi/;i 2 (o < \\u{i)\\ x -, + c(a) (1 + bg 2 iei)iiu(i)ii^ + c(a) \m + log 2 lei) mi/;i 2 (o 

Since M|/ + | 2 (£) < 00 almost everywhere in £, for ||u(l)|| X 7-C(a)|£;|(l + log 2 |£|) < |, so for 
C(a)||tt(l)||_ x -7 < 2> we get the estimate 

M\f\\\0 < |^5ylKl)llx 7 +C(a)(l + log 2 |C|)|Kl)|| 3 Y7 < |^lh(l)||x 7 - 
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Then, 



l/+l 2 (0 = 55j( k lAl a *S: I [-,r]) (0 < M \U\\0 < |fe§)IKi)lk> 



and the Proposition follows. □ 

Appendix A. Wave operators 



In this section we prove the existence of wave operators for the nonlinear equation ()10p . 
The difference with respect to the wave operators constructed in [3] is that here we shall 
weaken the conditions on the final data by working in spaces that fits with the conditions 
of Theorem 11.11 

We first study the existence of the wave operators for the linearized equation ()14|) . 



Proposition A.l. Let < 7 < \, < v, and let u + G Xj v . Then the equation \1J$ has 
a unique solution u G Z 1 satisfying as t goes to infinity, 

\Mt)-^u A v<^^W\\ xr ., 

for any < 5 < 3 — 7. In particular we have u(l) G Xj, with norm bounded by \\ 

Proof. We are going to use similar arguments as those in Lemma l2.2i We define as in (|32p 



2Z+ = e" w2 log « 2 u+ (£) , Y+ = Z+ ( . 
We define for < t < the solutions z^)(t) of 

m \ = (y; \ + f u n\( ur)\ a ]dT 



.2 



Then 



sup (|fc(t")| + !%(*)!) < + l^ + l) + / 4a 27T, s dT su p 0&(*)l + \%®\) » 

and as a(l/r) = \/l — 2a 2 r, we get 

sup (Mt)\ + \k(i)\) <2(|y+| + |i+ 



Now, for 4a 2 < t < 00, the functions (Y^t), Z^t)) = (y^(l/t), %(l/t)) solve fl28|) and 

|y ? (t)| 2 + |z € (t)| 2 < c (|r+| 2 + |z+| 2 ) = C7(|u + (0I 2 + k+(-0l 2 )- 

In particular, 

( Y \ ( Y \ a 2 ( -1 e - 2i *(*) \ / yi 

d t [ r J = M(t) ' * 1 ' 



3(1 
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Since Y^~ = and 



d A Y s- z ^\=Mit)( Y r z ^\, 



% ~ Y-Z 



we obtain that Y^(t) = Z_^{t). Therefore, with the notations of Lemma 12.21 we can define 
for 4o 2 < t < oo, 



solution of ([2 



P(i) 



e i*(t) o 







^(*) 



a( 5 



4 



1-^1 



which satisfies Y^(t) = Y_^(t) and Z^[t) = Z_^{t). Moreover, since 



\Ys(t)\ 2 + \Zs(t)f 



Z € (t) 



+ 



2 2a 2 (t) ' 



and from — ^ < a(i) < 1 it follows that 

(6i) |y e (t)| 2 + |z ? (t)| 2 < c(\u + (o\ 2 + |u + (-e)| 2 ). 

We continue the definition of (Yg(t), Z%(t)) for the remaining < t < oo as solution of ([2 
It follows that u(t,x) defined by u(t,x) = w(t,x)e~ m2logt , where 



is a solution of (fl^]) . In particular, (|6"T|) is satisfied for all 1 < t < oo, so we get for large 
frequencies £ 2 > \ that 

(62) \u(t,0\ 2 + Ht, -Ol 2 < C(a)(\u + (0\ 2 + K+(-£)| 2 ). 

We define next 



vS) = n (j) , = ^ (7) > 



solution for 1 < t < oo of 



4 



1 2a' 



with initial data (y^(l), ^(1)) = (Y^(V), Z^(l)). We take a e = y|/e + ez| and proceeding 
as in Lemma 12.21 for all 1 < t, 



a e (t) < e 



-+e+2a 2 elogt 



a e (l). 
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By making for t > 3/2 the choice e = ~yj=| an d f° r 1 < i < 3/2 the choice e = 1, we get 
for all 1 < t the estimate 

-2, 



W)| 2 + k(t)| a < C(l + logt)e 2+2a VI^P (|^(i)|2 + |^ (1) |2) 

< C(a)(l + logi)e 2 + 2a2 ^(|« + (e)| 2 + |u + (-e)| 2 ). 
So we finally get the estimates for low frequencies £ 2 < j of the solution n of ([I 



(63) |n(i,£)| 2 + \u(t, -0\ 2 < C(a)(l + | log ^ 2 |)e 2 + 2a2 v^^(|u+(£)| 2 + |«+(-0| 2 )- 

Therefore calling f+(x) = u(l,x) we have obtained by (|62p and (|63[) that /+ G with 
norm bounded by \\u+\\ x i-ti. From Propositions 12.61 12.8^ and ([32]) . (|33|) it follows that 

u = S(t, 1)/+ G and for all < 5 < \ - 7 

[l^l^-e^Xii+l^ < H^iM (|| U+ |U 2 + |||^| 2 ^« + (C)|Uo (| C |<i)). 



□ 



Remark A. 2. Lei us notice that (|62|) together with (|63|) imply that for t\ > and 5i > 

|fi(ti,0l < (c(a) + ^yJr) (K+(£)l + K(-6D- 

27ns, combined with Lemma \2.10[ yields, for any times ii, £2 > 1 and for any positive 8\, 82, 



(64) K^OI < (C(a) + ^||^ 



n«) + ^^j(|»(/ 2 .oi + i«(/2.-oD- 



i£ follows that for 1 < ii < £2 a^rf 7 + ^1+^2 < i> 
(65) 



<5i 



n(ti)|| L2 < ||u(t 2 )|| L2 I C(a) + C(a,<5i)J 



+C(a,5 2 ) 



W\eMt2,0\\ L ~(e 

/5i j.<5 2 
t 1 t 2 



£27+2(5i+<5 2 ) 



< C(a, 81,82 



■2 



I«(*2)||x7 • 



Now we show the existence of wave operators for the nonlinear equation (|1U|) with respect 
to the linear solutions of (Hi 



Proposition A. 3. Let < 7 < \. For all /+ G small with respect to a, equation t!0\) 
has a unique solution u G L°°((l, 00), L 2 (R)) n L 4 ((l, 00), L°° (R)) satisfying as t goes to 
infinity 

C_(a, 5) 
1 

/or any < (5 < 7 — 7. 



- S(t, l)f + \\ L 2 + ||n(r) - S(t, l)f + \\ L i«t,oo),L°°) < 
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Proof. We shall perform a fixed point argument for the operator 

Bu = S(t,l)f++ r S{t,T) iF( - U ^ dT 

Jt T 

in the closed ball 



Ar = < u I Ikll 



SUp tH7+5) Q| u(t) _ 5(tj 1)/+ || l2 + || u(>) _ l)/ + || i4((t)0o)jioo) ) < I 



te[i,oo) 



with R to be precised later. 

Let u £ Ar. In particular we have for all admissible couples (p,q), interpolated between 
(oo, 2) and (4, oo), 

sup iH7+<5) ii^.) _ || iP((ti0o))i8) < ci?, 

te[i,oo) 

and therefore, by the estimates (|4"5j) and (|4"7l) . 

(66) ||n|| iP((ti00)jL9) < C||5(-, 1)/+||£p((i,oo),l«) + C[|«[U < C||/ + || x7 + C\\u\\ A . 
We want to estimate 

%F{u{t)) 



Bu-S(t,l)f + = / S(t,r 



dr = J(t). 



We have 

f' 00 dr f°° dr 

[|^)llL» + II^IU*((t,oo),L<-) < / \m,T)iF(u(T))\\ L2 -+ / \\S(;T)iF(u(T))\\ LH{T!00lLoo) - 



+ / ||5(-,r)*F(«(r))|| L 4 ((t , T) 



dr 



We upper-bound the first term by using the backwards estimates ([65]) with (ti^) = (i, t) 
and = <J £]0, l-7[, 



||5(i,r)iFKr))|| L2 -<C(a,5) 

For the second we use the forward estimate (I47p . 

dr f°° i dr 

||5(-,r)i J P(n(r))|U4 ((Ti0o))ioo) -<C(a) / n (1 + log 2 r) ||F(n(r))|| x? - 

T Jt T 

We write the third term as 

dr 

||S , (-,r)iF(u(r))|| L 4 (( i >r)ii oo ) — 



L 4 ((t,r),L°°) 



dr 
r 
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We use the Strichartz estimates and the backwards estimates ([65 



\\S(;r)iF(u(T))\\ LHit!TlLOO) -<C(a) / \\F(u(r))\\^+ 



S(r,T)iF(u(T)) 



(It 



(It 



< C(a) 



L\t,T), 



oo T \+S 



t S 



< jf \\FHr))\\ x7 \ Cri+C(a 
Summarizing, we have obtained that 

f°° i 

\\J{t)\\v + \\J\\LH(t,oo),L°°) < C(a,5) J t± +5 \\F(u(t))\\ x7 
Now Lemma 13, 21 with (ti , ^2) = (t, 00) and a = j + 5 gives 



F(u(t 



r 



II T / \|| || T|| C((2, (5) / .. ||2 || ||3 

iKWlU 2 + II J\\L±({t,oo),L°°) < i_( 7+(5 ) S ie{l,2} ^ a ll n llz^((t,oo),L 9 J) + \\ u \\l p 3 ((t,oo),L q i) ) ' 



where (pi,qi) = (00, 2) and (^2,92) = (4, 00). Therefore, in view of ([66]) 
|| J|U < Ca \\f + \\ 2 x -, + Ca ||u|ft + C \\f + \\\j + C \\u\\\. 

For all /+ G small with respect to a, there exists -R small with respect to a, such that 
the operator B is a contraction on Ar, and the Proposition follows. 

□ 

The last two propositions imply the following result. 

Theorem A. 4. Let < 7 < 7, < u and u+ G Xj v with norm small with respect to a. 
Then the equation Iil0\) has a unique solution u G L°°((l, 00), L 2 (IR)) n L ((1, 00), L c 
satisfying as t goes to infinity 

\\u\t) e u+\\ L 2 s t i_ (7+5) 



for any < 5 < \ — 7 . 



Appendix B. Remarks on the growth of the zero-Fourier modes 

B.l. Growth of the zero-Fourier modes for the linear equation. Let u be the 

global H 2 solution of (|14p obtained as a consequence of Lemma 12.11 We shall get here 
some extra-information on u(t), via estimates done directly on w (t) = u{t)e ±ia log * the 
solution of (fT5|) : 

a 2 _ 

id t w + w xx ± —(w + w) = 0. 

We shall use the fact that w G H 2 to get proper integration by parts at the level of the 
Laplacian. 
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Therefore 



Let us notice that since it is a solution of the linear equation (|14p . if u(to) is continuous, 
so will be u(t). In this case, by integrating in space, we get the law of evolution of the 
zero- Fourier modes, 

id t J w = J Kw, 

SO 2 2 

dt J = , d t J^w = ±y j'^w = ±y y ftu;(to). 

y 9ta>(t) = y %w(t )±2a 2 J ^(to)logp 

In conclusion, if the zero-mode J if(io) is null, then it will be the same for all times, 
f w(t) = 0. Furthermore, if the real part of the zero-modes 3? J w(to) is not null, then we 
have a logarithmic growth of the zero-modes J w(t), independently of the size of to, that 
cannot be avoided, 

(67) y w(t) = y w(t )±2ia 2 J Uw(t ) logp 

Recovering the expression of u, we obtain (|34|) • 



B.2. Growth of the Fourier modes for the nonlinear equation. Let u be the global 
H 1 solution of (|10p obtained by Corollary 13.31 In particular, 

So<*<i||fl£«||z<C(o)E <fc<i||S^«(l)||x a < C(a,u(l)). 

For the computations on Fourier modes in this subsection, the existence of u(t, 0) has to 
be justified. We have the following control. 

Lemma B.l. If xu(l) € L 2 , then 

IM*)||La < C(a,n(l))^ (a '" (1)) . 

Proof. Let ip be a positive radial cutoff function, equal to x 2 on 5(0,1), such that {d x <p) 2 < 
Cip. For R > we define 

c^(x) = i?V (|) • 
We multiply equation (fTUj) by (/prtZ and integrate the inaginary part, 

dt y <£flKi)| 2 = J u xx cp R u=F% y t i°2m2 VRUu-Q J ip R u 
= 9f / u x o x LpR m =p 9 / 1±2io2 ipRUu-S / -^—ifRU 



2 a? f , , + IN! 2 

T 



< \\d x u\\ L , ( / (d xm ) 2 \u(t)\ 2 + ^ / <p R \u(t)\ 2 + T °° / l«(0l 2 - 
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Therefore, by using (d x tp) < Ctp and Sobolev embeddings, 

C(a,u(l)) 



d. 



VrHW] <C(a, «(!)) + 



<PR\u(t)\' 



so 



^K*)| 2 ) <C(a,u(l))t c ^\ 
The estimate is uniformly in R, and the Lemma follows by letting R goes to infinity. □ 

In particular, the Lemma insures us that u(t) G H , so in particular u(t) is continuous 
and the existence of u(i, 0) is justified. Now we shall get informations on the zero-mode of 
u(t), via estimates on w the solution of (JSj) : 

1 



iw t + w xx 

We shall use the following conservation law 
(68) 



=F- (|a + w\ 2 - a 2 ) (a + w). 



d t j \\w + a| 2 - a 2 ) = 0, 



obtained by multiplying ([8]) by w + a and by taking the imaginary part. We integrate in 
space dH|) to get 



By using 



id t J w± J j(\w + a\ 2 - a 2 )(w + a) = 0. 
we get the evolution of the zero-modes 



w(t) — / w(to) = ±i 



to 



' '' dr 
{\w(t) + o| 2 — a 2 )(w(r) + a)dx — 

r 



±ia / (\w(to) + a\ 2 — a 2 )dx log j ± i y y (|w(t)| 2 + 2a^(r))u'(r)dx 



T 



The Strichartz estimates imply that the part coming from the cubic power of w is bounded 
in time, so we can bound the second term, 



t 



dr 

(\w(t)\ 2 + 2a$tw(T))w(T)dx — 



t 



< C(a)\\u(t )\\ Xto +2a||u>|| Loo((t0)t)iL2) log — 



<C(a)|Ki )||x to +C(a)|Kio)||| tQ log-. 

Therefore we get a logarithmic upper-bound for J w(t), and implicitly for u(t, 0). This 
growth is sharp provided that 



C(a)\\w(t )\\ 2 Xto = C(a,t ) \\w(to)\\h + ll^C^llioo^i) 
for which a sufficient condition is 



< a 



C(ci,to) (\\w{t )\\l 2 + \\w(t )\\ 2 LOO{e ^ < 



(\w(to) + a\ 2 — a 2 )dx 
^kw{tQ)dx 



42 



V. BANICA AND L. VEGA 



We get also a logarithmic growth for 9 f w(t), provided that f(\w(to) + a\ 2 — a 2 )dx > 0. 
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